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Fig. 1 The axial-tangential swirl generator. Dimensions:
6 = 25.6 mm, * = 38.0 mm, Z = variable, /? = 50.8 mm,
X=529 mm (other dimensions in mm).
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Fig. 2 Dimensionless angular momentum flux 0 as function of L
and £.
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Fig. 3 Profiles of axial and tangential velocities at approximately
constant 0 and various inlet lengths L.

ing (T/IR) gives the outlet Q as

nbLCr 4n2b2L2C2 (10)

Least squares fitting gave Cc = 0.82 and /0 = 0.022, the latter
being about twice that for simple smooth pipe flow at the
same Re. This equation is plotted in Fig. 2, and fits all ex-
perimental points within 7%.
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Vibration of a Large Space Beam
Under Gravity Effect
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Introduction

MOST spacecraft launched to date have undergone struc-
tural ground tests to verify the mathematical models of

the structures.1'2 The effect of gravity on these traditional
space structures was considered only from a static point of
view, or completely disregarded. This is because of their
stiffness and compactness, and also because they were
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designed to survive the launch loads. However, the structures
to be used for future space applications will be very large,
such as a manned space station or a wrap-rib antenna.3
These space structures may have dimensions of the order of
30-200 m. Such space structures will have a low mass density
and will be highly flexible. Their dynamic behavior in
ground tests (1-g field) might be quite different from that in
orbit (0-g field). It is this kind of problem that is addressed
in this investigation.

Since many flexible space structures can be modeled as
beams, the generic structural element chosen for this study is
a space beam with a large slenderness ratio. The nonlinear
vibrations of beams have been studied by many investi-
gators.4"6 However, these studies are focused on the vibra-
tions of under formed beams. The present work investigates
the vibration behavior of a beam deformed by its own
weight. The differential equations for both the static and
dynamic responses of a large, simply supported beam sub-
jected to its own weight are derived and solved analytically.
The results enable one to verify the dynamic characteristics
of a beam-type structure in orbit by using the experimental
measurements of ground tests. It should also be pointed out
that a flexible-beam flight experiment is being planned by
NASA as part of the Control of Flexible Structure (COFS)
program.

Free Vibration
The deflection function of the dynamic response can be

written

(6)

where W(x) is the static deformation and Wb(x,t) is the
vibration response. For simplicity, the static deformation
and vibration response can be expressed by

W(x)=
L

Wb(x,t)=a(t)sm(mrx/L)

(7)

(8)

where Wit i= 1,3,5,..., is a series coefficient that can be deter-
mined from Eq. (3) and n is the vibration mode number.

The governing equation of a free vibration can be expressed
by

EI-
dx4 dx2 dt2 • + pgA (9)

Static Analysis
The governing differential equations of a large, simply

supported beam subjected to its own weight (Fig. 1) can be
written as

dTV
~dx~

= 0

d2

~dxr EI-d
2W
dx2 / -N-d2W

dx2 - = pgA

(D

(2)

where N is the axial stretching forces, E is Young's modulus,
7 is the moment of inertia, W is the static deformation, p is
the beam density, g is the acceleration of gravity, and A is
the beam cross section.

From the governing equations and its corresponding bound-
ary conditions, the static deformation W can be written in
terms of the axial stretching force as

W(x) =
pgA "cosh(XL/2)(l-2jc/L)
A2TV cosh(XL/2)

(3)

where the stretching force Nd can be written

EA r L / a^ \2
dx2L Jo \ dx (10)

Combining the equations described and applying the ortho-
gonality property, one can summarize the governing equa-
tions for the free vibration of a beam subject to its own
weight as follows:

where

a(t) +gla(t) +g2a2 (t)

NL2 AW2

=0 (11)

NL2

(12a)

for n = 2,4,6,...

(12b)

for n-i- 1,3,5,...

(13a)

where L is the beam length and \ = (N/EI)l/2.
The stretching force TV can be derived from the relation

Substituting Eq. (3) into Eq. (4), one can determine the stretch-
ing force TV by the formulation

16TVV
- — A.2,AT2(pgA)2EAL2

where /* =

, A e ^
= ~r^ -4/* + 5tanhM ——— -3 cosh2jit

(5)
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Fig. 1 Structural configuration of a beam.
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Fig. 2 Comparison of frequency variations.
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Fig. 3 Amplitude-vs-frequency plot.

for n = 2,4,6,...

(13b)

for all n (14)

First, let us assume that the excitation amplitude of a ( t ) is
much smaller than the maximum static deformation W(x).
Then the governing equation can be linearized by neglecting
the higher-order terms of a ( t ) . Assuming simple harmonic
excitation, d ( t ) = -w2a'(t), one can express the frequency
equations by

NL2 AW} for * = '= (15a)

where cog/z is the natural frequency of the «th mode due to
the effect of gravity and co0/z is the natural frequency of the
nth mode in a 0-g environment.

Equations (15a) and (15b) indicate that the natural fre-
quency of the symmetric mode (n= 1,3,5,...) depends upon
not only the axial stretching force but also the static defor-
mation due to the beam's own weight. However, Eq. (15b)
shows that the natural frequency of the asymmetric mode
(# = 2,4,6,...) is not affected by the static deformation. For
simplicity, an aluminum beam with a cross section of 1
in. x 1 in. is applied. The natural frequencies calculated from
Eqs. (15a) and (15b) are shown in Fig. 2 as a function of the
slenderness ratio. The results obtained from NASTRAN are
also plotted in Fig. 2 for comparison, and the results from
the linearized approach agree well with those from
NASTRAN runs. In addition, Fig. 2 also shows the results
predicted by using the frequency equation derived in Ref. 7.
The comparison indicates that the results from Ref. 7 are not
satisfactory. This is because the nonlinear coupling due to
the static deformation is not considered in Ref. 7.

The nonlinear free vibration of Eq. (11) can be analyzed
by introducing a velocity variable v = da/dt and integrating
Eq. (11) in a straightforward manner. The vibration period
can be calculated by integrating along a trajectory on the v-a
phase plane. The trajectories on the phase plane indicate that
the maximum vibration amplitudes of the symmetric modes
(«= 1,3,5,...) in different phases are not identical. The ratio
of maximum negative amplitude to maximum positive
amplitude depends upon both the slenderness ratio and the
magnitude of the excitation amplitude. However, the trajec-
tories of the asymmetric modes (« = 2,4,6,...) are symmetric
with respect to both the a and v axes. The amplitude-vs-
frequency plots for the nonlinear vibration of the first mode
is shown in Fig. 3. The results indicate that this is a harden-
ing system, since the frequency increases with vibration
amplitude.

Conclusions
The structural characteristics of a large space beam sub-

jected to the effect of gravity is investigated. In order to take
the gravity effect into consideration, geometric nonlinearity
is included in the analysis. The governing differential equa-
tion of dynamic analysis is derived by using Galerkin's
method. The results of this work describe the details of both
the static and the dynamic behavior of a large space beam in
a 1-g environment. The results also enable one to verify the
dynamic characteristics of a space beam in orbit by using the
experimental results of ground tests. The numerical results
based on the NASTRAN code agree well with the analytical
solution from both static and linearized dynamic ap-
proaches. It is noted that the applications of this code are
limited to problems of small vibration. A small vibration is
defined by its relative vibration amplitude in response to the
static deformation due to its weight.

Acknowledgments

The work described in this paper was carried out by the
Jet Propulsion Laboratory, California Institute of Tech-
nology, under contract with the National Aeronautics and
Space Administration.

References

"On
.= !+-

NL2

for n = 2,4,6,... (15b)
^eppert, E. L., Wada, B. K., and Miyakawa, R., "Model Test

of the Viking Orbiter," Shock and Vibration Bulletin, Vol. 44, Aug.
1974.



1216 AIAA JOURNAL VOL. 24, NO. 7

2Chen, J. C. and Trubert, M. R., "Galileo Model Test and Pre- 5Takahashi, K., "Nonlinear Free Vibrations of Inextensive
Test Analysis," Proceedings of the 2nd International Modal Beams," Journal of Sound and Vibration, 1979, pp. 31-34.
Analysis Conference, Orlando, FL, Feb. 1984, pp. 796-802. *Evensen, F A «Nonlinear Vibrations of Beams with Various

3NASA Conference Publication, ''Large Space System Boundary Conditions," AIAA Journal, Vol. 6, 1968, pp. 370-372.
Technology-1981," Parts 1 and 2, NASA CP-2215, Nov. 1981. 7chen> j c.,Garba, j. A , and Demsetz, L. A., "Verification of

4Atluri, S., "Nonlinear Vibrations of a Hinged Beam Including Large Space Structures Using Scale Modeling Laws," Proceedings of
Nonlinear Inertia Effects," Journal of Applied Mechanics, March the 3rd International Model Analysis Conference, Orlando, FL, Feb.
1973, pp. 121-126. 1985, pp. 31-36.

From the AIAA Progress in Astronautics and Aeronautics Series.

EXPERIMENTAL DIAGNOSTICS
IN COMBUSTION OF SOLIDS—v. 63

Edited by Thomas L. Boggs, Naval Weapons Center, and Ben T. Zinn, Georgia Institute of Technology

The present volume was prepared as a sequel to Volume 53, Experimental Diagnostics in Gas Phase Combustion Systems,
published in 1977. Its objective is similar to that of the gas phase combustion volume, namely, to assemble in one place a
set of advanced expository treatments of diagnostic methods that have emerged in recent years in experimental combustion
research in heterogenous systems and to analyze both the potentials and the shortcomings in ways that would suggest
directions for future development. The emphasis in the first volume was on homogenous gas phase systems, usually the
subject of idealized laboratory researches; the emphasis in the present volume is on heterogenous two- or more-phase
systems typical of those encountered in practical combustors.

As remarked in the 1977 volume, the particular diagnostic methods selected for presentation were largely undeveloped a
decade ago. However, these more powerful methods now make possible a deeper and much more detailed understanding
of the complex processes in combustion than we had thought feasible at that time.

Like the previous one, this volume was planned as a means to disseminate the techniques hitherto known only to
specialists to the much broader community of research scientists and development engineers in the combustion field. We
believe that the articles and the selected references to the literature contained in the articles will prove useful and
stimulating.

Published in 1978, 339 pp., 6x9 illus., including one four-color plate, $25.00 Mem., $45.00 List

TO ORDER WRITE: Publications Order Dept., AIAA, 1633 Broadway, New York, N.Y. 10019


